We study the existence, multiplicity, and nonexistence of convex solutions for systems of Monge-Ampère equations with multiparameters. The proof of the results is based on the method of upper and lower solutions and the fixed point index theory.
Introduction
In this paper, we consider the existence, multiplicity, and nonexistence of convex solutions for the following boundary value problem: Hu and Wang [] established several criteria for the existence, multiplicity, and nonexistence of strictly convex solutions for (.) with or without an eigenvalue parameter based on the fixed point index, due to Krasnoselskii. For systems, the problem (.) has been studied by Wang [] . They considered the existence, multiplicity, and nonexistence of nontrivial radial convex solutions with superlinearity or sublinearity assumptions based on Krasnoselskii's fixed point theorem in a cone. Therefore, it seems to be interesting to consider the convex radial solutions when the problem has multiparameters. For the multiparameter problem, Dunninger and Wang [, ] considered the existence and multiplicity of positive radial solutions for the elliptic systems
In particular, Dunninger and Wang [] considered problem (.) for the case f (, ) > , g(, ) >  and the following two conditions are satisfied:
, where the inequality on R  + can be understood componentwise;
They proved for the case λ = μ that there exists λ * >  such that problem (.) has at least two, at least one, or no positive radial solutions according to  < λ < λ
Among other results, they considered the same problem for the case f (, ) = g(, ) =  in [] . They proved under the assumptions f  = g  =  and f ∞ = g ∞ = ∞ that problem (.) has at least one positive radial solution for all λ, μ > , where
Lee [] considered the multiplicity when the problem (.) has multiparameters for the first case and also when the problem has a perturbed boundary condition for the second case. Yang [] proved the existence of positive solutions for Dirichlet boundary value problem of m-order nonlinear differential systems with n different parameters based on the method of upper and lower solutions and the fixed point index theory. Inspired by these references, we will study the existence, multiplicity, and nonexistence of convex solutions for systems of Monge-Ampère equations with multiparameters. The paper is organized as follows. In Section , we introduce the upper and lower solutions method for systems and the fixed point index theory. In Section , we state and prove the existence, multiplicity, and nonexistence results.
Preliminaries
A nontrivial convex solution of (.) is negative on [, ). With the simple transformation v i = -u i , (.) can be written as
Therefore, throughout this paper we shall study the positive concave solution of (.).
Problem (.) is equivalent to
It implies that
with the norm v = n i= v i and
It follows similarly from [, ], we can get the following lemma.
Lemma . T λ (K) ⊂ K and T λ is completely continuous on X.
Consider the following boundary value problem:
where t ∈ (, ),
We give a fundamental lemma of upper and lower solutions method.
. . , β n (t)) be lower and upper solutions of (.), respectively, such that
Then problem (.) has at least one solution (x  (t), x  (t), . . . , x n (t)) such that for all t ∈ (, ),
Proof It is easy to verify that problem (.) is equivalent to the following system of integral equations:
where t ∈ [, ]. Define the function series {x
The inequalities in (.) are equivalent to
It follows from the above inequalities that
By induction, assume
Then for k ≥  and by (h  ) and (.), we obtain
which implies that
Since (β  (t), β  (t), . . . , β n (t)) is an upper solution of (.), we have
i (t) and the above inequalities, we obtain
which implies that {x 
Moreover, by taking the limits in both sides of (.), we obtain
The following well-known results of the fixed point index are crucial in our arguments.
Lemma . [] Let X be a Banach space, K a cone in X and bounded open in X. Let  ∈ and T : K ∩¯ → K be condensing. Suppose that Tx
= λx for all x ∈ K ∩ ∂ and all λ ≥ . Then i(T, K ∩ , K) = .
Lemma . [] Let X be a Banach space and K a cone in X. For r
> , define K r = {x ∈ K : x < r}. Assume that T :K r → K is a compact map such that Tx = x for x ∈ ∂K r . If x ≤ Tx for all x ∈ ∂K r , then i(T, K r , K) = .
Main results
Theorem . Assume for all i = , , . . . , n,
and there exists at least one j ∈ {, , . . . , n}, such that f j (, , . . . , ) > ;
Then there exists a bounded and continuous surface separating R n + \ {(, , . . . , )} into two disjoint subsets  and  such that problem (.) has at least two convex solutions for (λ  , λ  , . . . , λ n ) ∈  , at least one convex solution for (λ  , λ  , . . . , λ n ) ∈ and no solution for (λ  , λ  , . . . , λ n ) ∈  . Moreover, let + ∪  be the parametric representation of , where
Then on + , the function λ n = λ n (λ  , λ  , . . . , λ n- ) is continuous and nonincreasing on R 
Since is compact, the sequence {(λ
has a convergent subsequence which we denote without loss of generality still by {(λ
and at least one λ * j > , hence for m sufficiently large, we have λ
where
Combining (.) with (.), we get
for m sufficiently large. This is a contradiction. 
. . , n, and at
This shows that (β  (t), β  (t), . . . , β n (t)) is an upper solution of (.) at (λ * Then by Lemma ., S = ∅, and it is easy to see that (S, ≤) is a partially ordered set.
Proof Let (λ  , λ  , . . . , λ n ) ∈ S and v = (v  , v  , . . . , v n ) be a positive solution of (.) at (λ  , λ  , . . . , λ n ). Then by (H  ), we get
Thus
Therefore S is bounded above by (λ  ,λ  , . . . ,λ n ) = ( Consequently by the additivity of the fixed point index,
Thus T λ has at least one fixed point in K ∩ D and another in K R * \ K ∩ D. This implies that (.) has at least two positive solutions at (λ  , λ  , . . . , λ n ) ∈  . Thus (.) has at least two negative solutions at (λ  , λ  , . . . , λ n ) ∈  .
